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ON THE L2-9-COHOMOLOGY OF CERTAIN COMPLETE KAHLER METRICS 

FRANCESCO BEI AND PAOLO PIAZZA 


Abstract. Let E be a compact and irreducible complex space of complex dimension v whose 
regular part is endowed with a complete Hermitian metric h. Let rr : M —>■ E be a resolution of V. 
Under suitable assumptions on h we prove that 

H;'^{reg{V),g) - q = 0 . 

Then we show that the previous isomorphism applies to the case of Saper-type Kahler metrics, see 
|10| . and to the case of complete Kahler metrics with finite volume and pinched negative sectional 
curvatures. 
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Introduction and main results 

Let K be a complex projective variety in CP"^ of complex dimension v. Let reg(K) be its regular 
part and let sing(K) be its singular locus. More generally, let A be a compact Kahler manifold 
of complex dimension n with Kahler form u and let V be an analytic subvariety in N of complex 
dimension v. One of the questions raised in [5] concerns the existence of a complete Kahler metric 
on reg(l/) whose L^-cohomology is isomorphic to the middle perversity intersection cohomology 
of V. This problem has been investigated by Saper in [22] who provided an affirmative answer in 
the setting of isolated singularities. Labeling with gs the Kahler metric constructed by Saper, a 
problem related to the previous one, is to understand the L^-(9-cohomology of gs- For the case 
of (u, g)-forms this latter problem has been addressed again by Saper in the setting of isolated 
singularities. He showed in [22| that 

Hlpeg{V\gs) = H^/{M) 
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( 1 ) 
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where vr : M —>• 1/ is any resolution of V. An analogous question, but for the L^-9-cohomology of 
the incomplete Kahler metric g on reg(l^) induced by the Kahler metric on N, has been considered 
by Pardon |19] . Haskell |15] . Briining-Peyerimhoff-Schroder [3] and Pardon-Stern [20] who hnally 
solved the MacPherson conjecture m by showing, more generally, that 

Hl’l (reg(H),g)-i^|’''(M). 

Subsequently, inspired by the work of Saper [22], Grant Melles and Milman have constructed a 
new family of complete Kahler metrics on reg(K), see [lOj and m, without any assumption on the 
singular set of V. The complete Kahler metrics built by Grant Melles and Milman on reg(K) are 
called Saper-type Kahler metrics. The purpose of this paper is to investigate the L^-(9-cohomology 
groups of various complete Hermitian metrics that are defined on the regular part of a compact 
and irreducible complex space; Saper-type Kahler metrics are examples of such Hermitian metrics. 
The paper is structured in the following way. In the hrst section we provide a general result in the 
setting of compact and irreducible complex space whose regular part is endowed with a complete 
Hermitian metric. Our theorem reads as follow: 

Theorem 1. Let V be a compact and irreducible complex space of complex dimension v. Let 
vr : M —>• K be a resolution of V with D := 7r“^(sing(I/)) a normal crossings divisor of M. Let h 
be a complete Hermitian metric on reg(K) and let a be the complete Hermitian metric on M\D 
defined as a := Assume that: 

• is a fine sheaf for each q = 0 ,..., v, 

• for each p £ sing(K) there is an open neighborhood U of p and a d-bounded Kahler metric 
gu on reg([/) such that h\ij and gu are quasi-isometric. 

Then we have the following isomorphism for each q = 0, ...,v: 

H;pegiV),h)^H^’\M). 

The sheaves on M are obtained by sheahfication from the presheaves that assign to 

an open set U C M the maximal domain of 9p,g,max on {U\U Ci D,a\ij\ijf-iD). For more on this 
definition and for the notion of d-bounded Kahler metric appearing in the second condition we refer 
the reader to (|1.2p and Def. 11.11 respectively. As a consequence of Th. [T] we obtain that 

dy + dl- L^QL'*{reg{V),h) ^ L^Q^’'{mg{V),h) 

is a Fredholm operator on its domain endowed with the graph norm, see (II.8p . Moreover, under 
suitable assumptions, the groups H^’^(reg(y), h) are invariant under bimeromorphic maps. 

The second section of this paper is devoted to some applications of Th. [1] Our goal here is to 
provide some examples of complete Kahler metrics that obey the hypothesis of Th. [TJ As a Hrst 
application we discuss the case of Saper-type Kahler metrics. Our main result is the following 

Theorem 2. Let M be a compact Kahler manifold with Kahler form oj and let V be an analytic 
subvariety of M with complex dimension v. Denote now by tt : V ^ V a resolution ofV. Finally 
let gs be a Saper-type metric on reg(K) as in (JO]. Then the following isomorphism holds: 

( 2 ) H;peg{V),gs) = H^/iV) 

for every q = 0, ...,v. 

The second example that we present are complete Kahler manifolds with finite volume and 
pinched negative sectional curvatures. According to a result of Siu-Yau [23], a complex manifold 
that carries a Kahler metric with these properties is biholomorphic to the regular part of a complex 
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projective variety with only isolated singularities. In this setting, using our Th. [H we prove the 
following result: 

Theorem 3. Let {M,h) be a complete Kdhler manifold of complex dimension m with finite volume. 
Assume that the sectional curvatures of (M, h) satisfies < sech < —for some constants 
0 < a <b. Let V C be the Siu-Yau compactification of M and let tt : V ^ V be a resolution 
of V. Then we have the following isomorphism for each q = 0,m 

In the second section we also collect various consequences of Th. [2] and Th. [3l 
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We also wish to thank the referee of a first version of this paper for very interesting remarks and 
suggestions. 

1. d-BOUNDED KAHLER FORMS AND L^-9-COHOMOLOCY 

We start with the following remarks about our notation. Let (M, h) be a complex Hermitian 
manifold. For any (p, q) the maximal extension of dp^q, labeled by dp q m»^ : L‘^nP’‘i{M,h) 
L20p-'?+1(M, h), is the closed extension defined in the distributional sense: u G T’(dp,g,max) if 
u G LfiLlP'^{M,h) and dp^qoo, applied in the distributional sense, lies in The 

minimal extension of dp^q, labeled by dp^q^rnin '■ LfiLlP''^{M,h) —^ L‘^LF'^^^{M,h), is dehned as the 
graph closure of in L‘^QP’‘i{M, h) with respect to graph norm of dp^q. It is easy to check that 

in both cases we get a complex whose corresponding cohomology is denoted by h). 

If (M, h) is complete then it is well known that 9p,q,min = dp^q^min and we label this unique closed 
extension simply with dp^q : LfiLtP'^{M,h) —)• L?‘LlP’^^^{M,h). Finally analogous notations and 
considerations hold for the operator d + . Now we go on with the following definition. 

Definition 1.1. Let {M,g) be a Kdhler manifold and let u be the corresponding Kdhler form. We 
will say that to is d-bounded if there exists a 1-form p G L°°Q}{M,g) such that dp = uj where drj is 
understood in the distributional sense. 

Remark 1.2. The notion of d-bounded Kdhler form has been introduced by Gromov in [14j . The 
definition that we stated above is slightly more general than the original one because we do not 
require g to be a smooth form. 

Definition 1.3. Let {M,g) be a Kdhler manifold and let oj be the corresponding Kdhler form. 
We will say that g satisfies the Ohsawa condition if there exists a function f G C°°{M) such that 
^ddf = uj with df G L°°Q^’^{M, g). See for example [Rl] . 

Remark 1.4. It is clear that if g satisfies the Ohsawa condition then the corresponding Kdhler 
form UJ is d-bounded. 

We recall now from [T3] the following important result. 
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Theorem 1.5. In the setting of definition \1.1[ Assume moreover that {M,g) is complete and let 
m be the complex dimension of m. Then for any (p, q) with p + q ^ m we have 

HP’pI,g)=0. 

Proof. When p is smooth this theorem is Th.l.4.A in M- A careful look at the arguments used 
there shows that the same proof applies also in our slightly more general setting. Finally we point 
out that if g satisfies the Ohsawa condition then the theorem had been already proved in [7] and 

m- □ 

Furthermore, concerning d-bounded Kahler metrics, we have also the following basic properties. 

Proposition 1.6. Let f : M ^ N be an holomorphic immersion between complex manifolds. Let 
g be a d-bounded Kahler metric on N. Then f*g is a d-bounded Kahler metric on M. 

Proof. Let oj be the Kahler form of g and let h := f*g. It is easy to check that in general 
the pullback through a smooth map commutes with the distributional action of the de Rham 
differential. Therefore the above statement follows immediately noticing that if rj £ L^Q,^{N,g) 
with drj = oj then d{f*rf) = f*uj and < \oj\g where | \h and | \g denote respectively the 

pointwise norm on T*M 0C induced by h and g. □ 

Proposition 1.7. Let M be a complex manifold and let g and h be two d-bounded Kahler metrics 
on M. Then the Kahler metric p '.= g + h is d-bounded as well. 

In order to prove the above proposition we need the following elementary result. 

Proposition 1.8. Let M be a manifold and let gi and g 2 be two Riemannian metrics on M such 
that g 2 9i- Let gl be the metric that gi induces on T*M and analogously let g^ be the metric 
that 92 induces on T*M. Then we have gl < 92 - 

Proof. Let A £ End(rM) such that g 2 {-, •) = 5 'i(A-, •). Then, for each p £ M, Ap : TpM —)• TpM 
is positive, symmetric with respect to gi and its eigenvalues are bounded above by 1. Let A~^ be 
the inverse of A and let £ End(T*M) be the transposed endomorphism of A~^. An easy 

calculation of linear algebra shows that g^i'r) = ')■ Now, for each p £ M, {A~^)p : 

T*AL —>■ T*M is positive, symmetric with respect to 5 * and its eigenvalues are bounded below by 
1. This in turn implies immediately that g^ < 92 as required. □ 

Now we give a proof of Prop. 11.71 

Proof. Let ui be the Kahler form of g and analogously let r be the Kahler form of h. According 
to the assumptions there exist 1-forms a £ L°°Q^[M, g), (3 £ L°°Q}{M,h) such that da = oj and 
df3 = T. Let us label by p*, g* and h* the metrics on r*M (g) C induced respectively by p, g and h. 
Clearly g < p and h < p. Then, using Prop. 11.81 we have 

{p*{a + I3,a + P < {p*{a,a))^ + (p*(/3,/3))^ < {g*{a,a))^ + {h*{f3,p 

Since a £ L°°Lt^{M, g) and /3 £ L°°Il^{M,h) we can conclude that a -£ /3 £ L°°Ll^{M^ p) as 
desired. □ 

We go on by spending a few words about resolution of singularities. We recall only what is 
strictly necessary for our purposes and we refer to the seminal work m and also to [ 2 ] for in-depth 
treatments of this topic. Eor a throughout discussion about complex spaces we refer to the mono¬ 
graphs [ 8 ] and m- 
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Consider a compact and irreducible complex space V. Then, thanks to the fundamental work of 
Hironaka, we know that the singularities of V can be resolved. More precisely there exists a compact 
complex manifold M, a divisor with only normal crossings D C M, a surjective and holomorphic 
map TT : M —>• 1/ such that 7r“^(sing(C)) = D and t^\m\d ■ M \ D ^ reg(C) is a biholomorphism. 
Moreover if V G N is an analytic subvariety of a compact complex manifold then there exists a 
compact complex manifold M, a compact complex submanifold Z G M a surjective holomorphic 
map TT : M ^ N and a divisor with only normal crossings D G M such that 7r“^(sing(l/)) = D, 
7r\M\D ■ M \ D ^ N \ sing(l/) is a biholomorphism and T^\z\{zr\D) '■ Z\{Z G D) ^ V \ sing(l/) is 
a biholomorphism. The latter is the so-called embedded desingularization. 

We introduce now some presheaves and the corresponding sheaves arising by sheafification. Let M 
be a compact complex manifold, D G M a divisor with only normal crossings and g any Hermitian 
metric on M \D. Consider the preasheaves on M given by the assignments 

(1-1) C^D,g{U) := {P(5p„x) on {U \U G D,g\u\uf^D)]■, 

in other words to every open subset U of M we assign the maximal domain of dp^g over U\{U GD) 
with respect to the Hermitian metric fl'|; 7 \; 7 nD- The sheafification of is denoted by and 
its sections over an open subset U G M are 

(1.2) := {s e \ U G D,g\u\ijf^£)) such that for each p ^ U there exists an 

open neighborhood IT withp £W G U such that s|u/\ivnD ^ T>(5p^g^max) on {W\WGD,g\iY\iYf^jg)}. 
We have now all the ingredients to state the main result of this section. 

Theorem 1.9. Let V be a compact and irreducible complex space of complex dimension v. Let 
vr : M —)• T be a resolution of V with D := 7r“^(sing(T)) a normal crossings divisor in M. Let h 
be a complete Hermitian metric on reg(T) and let a be the complete Hermitian metric on M \ D 
defined as a := Assume that: 

• is a fine sheaf for each q = 0 ,..., v, 

• for each p S sing(T) there is an open neighborhood U and a d-bounded Kdhler metric gjj 
on veg{U) such that h\u and gjj are quasi-isometric. 

Then we have the following isomorphism for each q = 0,..., u; 

Hlpeg{V),h)^H^/{M). 

Before tackling the proof we recall the following properties. 

Proposition 1.10. Let M be a complex manifold of complex dimension m, let (E, p) be a Hermitian 
vector bundle on M and let g and h be two Hermitian metrics on M. Then we have an equality of 
Hilbert spaces 

E, g) = L'^n^'°{M, E, h). 

Assume now that eg > h for some c > 0. Then for each q = 1, ...,m there exists a constant Cg > 0 
such that for every s G E) we have 

( 1 - 3 ) 

Therefore the identity H) —)• Ll^’^{M,E) induces a continuous inclusion 

L‘^n^’<i{M,E,h) ^ L^^^’^{M,E,g) 

for each (? = 1,..., m. 

Proof. The statement follows by the computations carried out in m pag. 145. □ 
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We are now in the position to prove Th. 11.91 


Proof. Let tt : M — )• y be a resolution of V. Let JCm be the canonical sheaf of M, that is, 
the sheaf whose sections over any open subset U of M are the holomorphic (n, 0)-forms over U. 
Let us consider the following sheaf fCy ■= This is the so-called Grauert-Riemenschneider 

canonical sheaf introduced in m- By the Takegoshi vanishing theorem, see [2l], we get that 
H'^{M,JCm) — H'^{V,JCv) for each q = 0, see for instance [ 21 ] for the details. We are therefore 
left with the task of showing that H‘^{V,JCv) — H^’^{xog{V),h) for each q = 0 , ...,n. To this end 

consider the complex of sheaves > 0}, see (II.2p . whose morphisms are those induced by 

the distributional action of It is clear that the cohomology groups of the complex given by 
the global sections of > 0 }, that is 


(1.4) 






^ 0 


are h), q = 0, ...,n. Therefore our goal is to show that the complex > 0} 

is a fine resolution of fCy- Since we assumed that is a hne sheaf for each g = 0, ...,v we 

have only to prove that g > 0} is a resolution of fCy- We start to tackle this problem by 

showing that g > 0} is an exact sequence of sheaves. Let p be any point in V. It is clear 

that if p G reg(R) then the induced sequence at the level of stalks, q > 0}, is exact. 

Hence we can assume that p G sing(R). According to the assumptions we know that there exists 
a sufficiently small open neighbourhood U of p such that the restriction of h to the regular part 
of U is quasi-isometric to a Kahler metric gjj which is d-bounded. Now, taking U even smaller if 
necessary, we can assume that there exists a positive constant c, an integer n > v and a proper 
holomorphic embedding cf) : U —> B{0, c) where B{0, c) is the ball in C"" centered in 0 with radius 
c. Let : B{0,c) —)■ M be defined as := —(log(c^ — \z\‘^)) and let g be the Kahler metric on 
B{0,c) whose Kahler form is given by It is easy to check that g satisfies the Ohsawa 

condition and therefore in particular is d-bounded, see for instance |20| pag. 613. This in turn 
implies that pu := {4>\reg{u))*9 is a d-bounded Kahler metric on U, see Prop. 11.61 Now we introduce 
the following Kahler metric on reg([/): 


(1-5) 1U-=PU+9U 

Next we check that satisfies the hypothesis of Th. 11.51 We begin by proving that yc/ 
is complete. According to Gordon’s Theorem, |9| Theorem 2, this is equivalent to showing the 
existence of a positive, smooth and proper function / : reg(t/) —)• M with bounded gradient. Let 
b : B{0,c) —)■ M be a smooth function which satisfies the condition of Gordon’s Thereom with respect 
to the complete Kahler metric associated to the (1, l)-form —y/—lddip. Let I3u : veg{U) —)• M be 
defined as {b o </>)|reg(; 7 )- Let r : reg(K) —)• M be a smooth function which satisfies the condition of 
Gordon’s Theorem with respect to the metric h. Let us label by tjj the restriction of r to reg(17). 
We claim that Ptj + tjj is smooth, proper and with bounded gradient with respect to 'ju- We 
first show that ffu + tu has bounded gradient with respect to 7 f/. Labeling by 7 ^, and pff the 
metrics induced respectively by 7 ;/, gu and pu on T*reg(t/), our task is equivalent to showing that 
f^u + Tu has bounded differential with respect to 7 ^. By Prop. 11.81 we have \dTu\-^^ < \^Tu\g’^ and 
\dldu\'y^ < \dfiu\p*jj- Therefore we have: 

\dTu + d/3c/l7^ < \dTu\-i^ + Wu\'ylj < \dTu\g*jj + \d(5u\pij. 

Finally \dTu\g‘^ is bounded because |dr|/i* is bounded and gu and h|].eg([/) are quasi-isometric on 
veg{U). Analogously {df^ulp^j is bounded because j3u = {b o <^)lreg(f/)! b satisfy the conditions of 
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Gordon’s Theorem with respect to g and pu = {4‘\reg{u))*9■ Clearly Pu + tu is smooth. It remains 
to show that it is proper. However, this is clear because it is easy to see, from the very definition of 
/?[/ and Tu, that if {pj} is a sequence of points in reg(f7) converging to a point p in legU \ reg(17), 
then {Pu + Tu){Pj) +00 as j +oo. Furthermore, according to Prop. 11.71 we know that ju is a 
d-bounded Kahler metric because it is defined as the sum of two d-bounded Kahler metrics. Hence, 
by Th. 11.51 we can conclude that H^'l{ieg{U) ,^u) = 0 for (7 > 0. Now, in order to conclude that the 

complex of sheaves (; > 0 } is exact, it is enough to show that given any point p G sing(F) 

and any open neighborhood H of p every cohomology class in (reg(H),admits a 

representative that becomes exact when restricted to some open subset W (Z A with p G W. This 
is done as follows. Consider again any point p G sing(l/) and any open neighborhood A of p. 
Let [u] G (reg(^)! ^lreg(A))- According to [3] Th. 3.5 we know that [u] admits a smooth 

representative that we label by u. Let U C A be an open neighborhood of p such that h|].eg([/) is quasi 
isometric to a d-bounded Kahler metric gu- Clearly we have /i|reg(( 7 ) < 7 ( 7 , where 'ju is dehned as in 
(11.51) . Hence by Prop. 11.101 we get that p|reg(( 7 ) G ker(9„^q) C L^H’'’'?(reg(C/), 7 ( 7 ). Thus, according 
to what we have just shown above, there exists p G V{dv,q-i) C Lp‘^^’^~^{mg{U),^u) such that 
= z^|reg(f/) ™ L^f^’^’'^(reg(t/), 7 ( 7 ). Let now W be any open subset of U such that W C U 
and p G W. It immediate to check that ')u\reg(w) /i|i.eg(w) quasi-isometric. Therefore 

we have p|reg(VE) € T’(9„,q-l,max) C L2H’’’''-l(reg(VF),/l|reg(VV)) and 5„,q-l,max(/a|reg(iy)) = Z^lreg(H/) 
in L^H^’'^(reg(lT),/i|j.eg(vi/)) and so we can conclude that (7 > 0 } is an exact sequence of 

sheaves as required. We finish the proof of Th. ll.Ol bv showing that is equal to the kernel of 

the morphism —>• induced by To this aim we work on M and indeed we show 

that Km is equal to the kernel of the morphism —)• induced by Consider any open 

subset U oi M and let p be any point in U. Let a G C’jf^{U) be such that a G ker(Cj°^ —)• C^\)- 
Hence, there exists an open neighbourhood W of p, with closure contained in U, such that a 
restricted to W \ {W n D), a\w\{Wf\D)i lies in \ {W n d)), cj|w\(VEnD)) and satisfies 

(L 6 ) 9^,o,max a|w\(VEnD) = 0 • 

Thus in turn implies that 

(I'd) (9j;^0,max) (5i,,0,max<a|rvy(rEn£))) — 0. 

Consider now the complex {VPp*{yV \ {W n D)),d^^^}; it is well known that this is an elliptic 
complex and thus the associated laplacians are elliptic for each q. By we know in 

particular that a|w\(VEnD) is in the null space of the maximal extension of \ 

{W n —)■ L'^Qy'‘^{W \ {W n L)),(T|w\(VEnD))- Hence by elliptic regularity we can 

conclude that a|iy\(VEnD) is smooth, and thus, by (II. 6 p . holomorphic on W\{Wr\D). Summarizing: 
ui lies in L'^VK'^{W\{Wr\D), 0'|w\(iTnD)) and it is holomorphic on W\{Wr\D). Now, if VFnD = 0 
we can already conclude that u is homolorphic in all of VF. If IF n D 7 ^ 0 let A be an arbitrary 
Hermitian metric on M and let us consider A|vi/\(iynD)- According to Prop. 11.101 we know that 

\ (IF n D), a\w\iwnD)) = \ (IF n D), X\w\iwnD)) ■ 

Thus a is in L^H’'’°(1F\ (IF r\D), A|w\(ivnD)) and it is holomorphic on 1F\ (IF r\D). Finally using 
an L^-extension theorem as in [ 21 ] we can conclude that a extends as an holomorphic {v, 0 )-form in 
all of IF. Replacing p with any other point in \J and repeating the same argument we can conclude 
that a is holomorphic in U and, therefore, that it is an element of Km{U). Clearly the other 
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inclusion is trivial, that is: Km is a sub-sheaf of the kernel of the morphism —)• which 

is induced by the distributional action of Indeed if cj G Km{U) then cj G and the 

distributional action of dvfi applied to u is equal to 0. We can thus conclude that g > 0} 

is a fine resolution of tt^Km as desired. □ 

We give now a criterion which assures that the sheaves g > 0} are fine. 

Lemma 1.11. In the setting of Th. ll.tA Assume that given any open cover lA = {Ui}i^i of V 
there exists a continuous partition of unity {Xj}j£j subordinate to U such that for each j ^ J 

(1) A, I reg(V) smooth 

(2) \\d{Xj\T.eg(^v))\\L°°n^{M,h) < oo. 

Then is a fine sheaf for each q = 0,..., 0. 

Proof. This follows immediately from the description given in (II.2p . □ 

We proceed by showing some corollaries of Th. 11.91 

Corollary 1.12. The unique closed extension of the operator d^+dl : nc’*(reg(I^), h) —>■ nc’*(reg(y), h) 
denoted here 

( 1 . 8 ) A+K- L^n^'*{veg{V),h) ^ L^n^’‘{veg{V),h) 

is a Fredholm operator on its domain endowed with the graph norm. 

Proof. This follows immediately from the finite dimensionality of H^’^{reg{V), h) and Theorem 2.4 
in [3]. □ 


Corollary 1.13. For each q = 0, ...,v we have the following isomorphism: 


In particular we have 


H^^pegiV),h)^H^’’^{M). 


X{M, Om) = X2(reg(y), h) 


where the term on the right-hand side is defined as ^(— 1)'^ dim(fl^’|(reg(y),/i)). 

Proof. This follows from Th. 11.91 and the version of Serre duality, see |21| . which tells us that 
H;pegiV), h) - HlpegiV), h). □ 


Corollary 1.14. The unique closed extension of the operator do+dl, : nc’*(reg(y), h) —)• nc’*(reg(y), h) 
denoted here 

do + dl'. h) ^ h) 

is a Fredholm operator on its domain endowed with the graph norm. 

Proof. As for Cor. I1.12l this follows immediately by the finite dimensionality of H^!I{ieg{y), h) and 
Theorem 2.4 in [3]. □ 

Corollary 1.15. In the setting of Th. II..91 Assume moreover that h is Kdhler. Then H'^^{Teg{V), h) 
is finite dimensional for each g = 0, ..., v. Moreover 

\o : L^n‘^’\j:eg{V),h) ^ L^n’i'^regiV), h) 

that is the unique closed extension of dq^ : {reg{V)) —)• nc’^(reg(14)), has closed range. 
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Proof. We consider : Qc’‘^(regfV)) Qc’'^{veg{V)), with A^^g := d + dd*. According to 

Th. 2.4 in [3] we know that the unique closed extension of this operator, labeled here by 

(1.9) A^ : L20’^-'?(reg(y), h) ^ L‘^n^'^iTeg{V), h), 

is a Fredholm operator on its domain endowed with the graph norm. Consider now 

(1.10) A,_,,o,a : L^n^-'^’^ivegiV), h) ^ L2O"-'''0(reg(C), h) 

that is, the operator defined as the unique closed extension of A^_q^o,a on Qc '^’°(reg(l^)). It 
is easy to see that the Hodge star operator * : L‘^Q^’'^{Teg{V), h) —)• L‘^Q,^~'^’^{reg{V), h) makes 
(jl.9j) and (ll.lOj) unitarily equivalent. On the other hand since (reg(H),/i) is Kahler we have 
^v-q,o,d = ^v-qOd ll’'~'^’°(reg(l/)). This in turn implies that we have an equality of opera¬ 
tors acting on L‘^^'^~'^’^{ieg{V),h) that is A„_g^o,a : L‘^^'^~'^’^{veg{V),h) —)■ Lp‘PP~‘^’^{Teg{V),h) 
coincides with A^_gQg : L^O’^“'^’°(reg(H),/i) — L‘^Q^~^’^{veg{V),h). Hence we can conclude 
that ‘^y_qog ■ L?‘PP~'^'^{Teg{V),h) —)• L‘^PP~'^'^{Teg{V),h) is a Fredholm operator on its do¬ 
main endowed with the graph norm. Moreover the completness of (reg(H),/i) assures us that 
‘^v-qOd • -b^ll’'“^’°(reg(H),/i) —)• L^n^“'?’°(reg(H),/i) coincides with 

K-q,o ° dy-qfi : L^n^~'^’^{Teg{V), h) L‘^n''~'J’^{Teg{V), h) 

where dv-q,o : L^n’^“'^’°(reg(H),/i) —^ L^O''“'?’^(reg(H),/i) is the unique closed extension of dv-qfl : 
Or''’°(reg(H)) ^ Or®’\reg(H)) and dl-qfl ■ L‘^^^-^'^{Teg{V),h) L‘^Q^-i’^{reg{V),h) is its 

Hilbert space adjoint. In conclusion this shows that on L‘^PP~‘^’^{Teg{V),h) we have 

ker(A^_g0g) = ker(a^_g,o) = H^^'^’^{Teg{V),h). 

We can thus conclude that H^'^^’^{veg{V), h) is finite dimensional. Finally that 

: L^n^-’^'\Teg{V),h) ^ L^Q^-^’\ieg{V), h) 

has closed range can be easily shown using the fact that A^_g Q g : L?‘Qy~‘^’^{ieg{V),h) —>• LF‘PP~^’^{veg{V),h) 
is a Fredholm operator on its domain endowed with the graph norm arguing for instance as in [T] 

Cor. 4.1. □ 

We end this section with the following consequence. 

Corollary 1.16. Let V and W he a pair of compact and irreducible complex spaces of complex 
dimension v whose regular parts are endowed with complete Hermitian metrics h and g respectively. 

Assume that both {V, h) and (IT, g) satisfy the assumptions of Th. \1.!A Assume moreover that V 
and W are bimeromorphic. Then for each q = 0, ...,v, 

Hlpeg{V, h)) - HlpegiW, g)) ifJ|(reg(T, h)) - l/J|(reg(W, ff)). 

Proof. Let vr : M —^ T be a resolution of V and analogously let p : A^ —)• IT be a resolution of 
IT. Since we assumed that V and IT are bimeromorphic we have HL^{M) = HL‘^{N) for each 
g = 0, ...,u. Now the conclusion follows by Th. 11.91 and Cor. 11.131 □ 

2. Applications 

The aim of this section is to collect some examples of Hermitian complex spaces where Th. 11.91 
and its corollaries can be applied. In the first part we treat Saper-type Kahler metrics while in 
last part we consider complete Kahler manifolds with hnite volume and pinched negative sectional 
curvatures. 
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2.1. Saper metrics. These kind of metrics have been defined in m and m in order to extend 
to the case of arbitrary analytic subvarieties of Kahler manifolds the construction carried out by 
Saper in |22j in the setting of isolated singularities. 

In the next definition we recall from m pag. 741 the definition of Saper-type metric. 


Definition 2.1. Let V be a singular subvariety of a compact complex manifold M and let u be the 
fundamental (1, l)-form of a hermitian metric on M. Let vr : M —)■ M be a holomorphic map of a 
compact complex manifold M to M whose exceptional set E is a divisor with normal crossing in 
M and such that the restriction 

is a biholomorphism. Let L^ be the line bundle on M associated to E and let h be a hermitian 
metric on Le- Let s : M ^ Le be a global holomorphic section whose associated divisor (s) equals 
E (in particular s vanishes exactly on E) and let ||s||ft he the norm of s with respect to h. 

A metric on M\E which is quasi-isometric to a metric with fundamental (1, l)-form 

- ^l^ddlog{log \\h\\lf 

for I a positive integer, will be called a Saper-type metric, distinguished with respect to the map 
TT. The corresponding metric on M\smgV = M\E and its restriction to y\single are also called 
Saper-type metric. 

We follow the convention used in m- thus, when it is clear form the context, we omit the 
sentence ” distinguished with respect to tt” . 

Now we go on stating a fundamental existence result for Saper-type metrics proved by Grant 
Melles and Milman in m, Theorem 8.6 pag. 746. 

Theorem 2.2. Let V be a singular subvariety of a compact Kahler manifold M and let u! be the 
Kahler (1, l)-form of a Kahler metric on M. There exists a C°° function E on M, vanishing on 
sing(I/), such that the (1, l)-form 

(2.1) u]s = aj - log(log Ff 

Ztt 

is the Kahler form of a complete Saper-type metric on M \ sing(I/) and hence on V \ sing(I7). 
Furthermore the function F can be constructed to be of the form 

F = llFP- 

a 

where {pa} is a C°° partition of unity subordinate to an open cover {Ua} of M, Fa is a function 
on Ua of the form 

= \i,? 

i=i 

and /i,..., fr are holomorphic functions on Ua, vanishing exactly on 17Qnsing(G). More specifically 
fi,fr are local holomorphic generators of a coherent ideal sheaf I on M such that blowing up M 
along X desingularizes V, X is supported on sing(G) and the exceptional divisor in the blow-up M 
along X has normal crossing and has also normal crossing with the strict transform V of V in M 
(the so called embedded desingularization of X.) 
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Concerning Saper-type metric we have the following property. 

Proposition 2.3. In the setting of Th. \2.Ii For eachp £ sing(C) there exists an open neighborhood 
U and a Kdhler metric gu such that gs\u is quasi-isometric to gu and gjj satisfies the Ohsawa 
condition. 

Proof. This follows from [TO] Prop. 8.10 and Prop. 9.11. □ 

We have now all the ingredients to apply Th. 11.91 to Saper-type Kahler metrics. 

Theorem 2.4. Let M he a compact Kdhler manifold with Kdhler form uj and let V be an analytic 
subvariety in M of complex dimension v. Let tt : V ^ V be a resolution ofV. Finally let gs he a 
Saper-type metric on reg(y) as constructed in Th. \2.2\ Then the following isomorphism holds: 

( 2 . 2 ) Hlpeg{V\gs) = H^/{V) 

for every q = v, ..., n. 

Proof. Let D CZ V he the divisor with only normal crossing such that 7 r“^(sing(C)) = D. Let 
cs := {T^ly^^ygs- Thanks to Prop. 12.31 in order to deduce the above theorem by Th. 11.91 we 
have only to check that the sheaves > 0} are fine. This is done as follows. In order to 

prove that is fine it is enough to show that given a cover U = {Ui}i^i of V there exists a 

continuous partition of unity {f'./}'y£G subordinated to IT such that for each 7 G G 

• filiegiV) is smooth 

• If ^ is an open subset of V and u G (^) then f^uj G 

To this end we recall m Proposition 10.2.1]: 

Proposition 2.5. Letp G sing(C), let U be an open neighborhood ofp in V, let f be a smooth func¬ 
tion on M and let w G L'^n’'{reg(JJ), gs\reg{u))- Then d(/|reg(i/)) A w G L'^Il^+^{reg(JJ), gs\reg{u))- 

Clearly d(/|reg(C 7 )) A a; = 9(/|reg(i/)) A w -|- 9(/|reg([/)) A UJ. Therefore, thanks to Prop. 12.51 if a; G 
L‘^QP’i{reg{U),gs\regiU)),P+Q = k, we can conclude that 9(/|reg(c/))ALa G L‘^nP’P+^{veg{U), gs\r:eg{u))- 
In particular if cj G then we can conclude that f\reg{u)^ ^ Let now 

V = {Vg}g^j be an open cover of M such that the induced cover on V is equal to U. Considering a 
smooth partition of unity subordinated to V and restricting it to V and using the remark that we 
have just made, it is clear that we have built a partition of unity on V subordinated to IL with the 
required properties. □ 

Remark 2.6. In the particular case of isolated singularities the isomorphism above was established 
by Saper as a corollary of his main result in [22], namely the isomorphism of H^iregfV), gs) = 
I—H^{V,M.), and the identification of the induced Hodge structure on I—H^{y,M.) with the one 
constructed by Saito. Our proof, on the other hand, is direct and rests solely on analytic arguments. 

We conclude this subsection with the following corollaries. 

Corollary 2.7. In the setting of Th. \2.4\ Then Cor. \1.12\ -Cor. 11.151 hold for {veg{V), gs). 

Corollary 2.8. Let {M,h) and {N,g) be compact Kdhler manifolds and let V C M, W <Z N be 
analytic subvarieties of complex dimension V. Assume that V andW are bimeromorphic. Then for 
each q = 0, ..., v 

H;peg{V), hs) ^ Hlpeg{W),gs) H^pegiV), hs) = i/J|(reg(W), gs) 

where hs and gs are Saper-type metrics as constructed in Th. \2.^ on V and W respectively. 

Proof. This follows from Cor. 11.161 □ 








12 


FRANCESCO BEI AND PAOLO PIAZZA 


2.2. Further remarks on Saper metrics. In this subsection we collect some byproducts of Th. 
11.91 in the framework of Saper-type metrics. Consider again the setting of Theorem 12.41 To avoid 
any confusion with the notations let us now label by u)'g the (1, l)-form on M \ sing(F) given by 

io's = u;- ^^^591og(log Ff 

where iv is the fundamental form of a Kahler metric on M and F is dehned in (12.ip . Let g'g be the 
Saper-type metric on M\sing(F) whose fundamental form is uj'g. If we label by i : reg(F) —)• M the 
inclusion of reg(F) in M, then we have gs = i*ig's) where gs is the Saper-type metric considered 
in Theorem 12.41 We have the following 

Theorem 2.9. In the setting described above. We have the following isomorphisms: 

(2.3) \ sing{V), g's) = 


(2.4) i/J|(M \ sing(F), ff(.) - 

where m is the complex dimension of M. 


Proof. The proof is similar to the one given for Th. 12.41 and for the sake of brevity we omit the 
details. Let us label by 14 tlie singular locus of V. Consider on M the preasheaf , defined 

_ Vs,3^ 

by := {T>((9p,g,inax) on ([/ \ [7 n Vs, g'g\u\unVs)} where U is any open subset of M. The 

sheafification of , is denoted by , . Analogously to the proof of Theorem [L9] we want to 
show that the complex ,q > 0}, whose morphisms are induced by the distributional action 

of dmo^ is a fine resolution of ICm- In particular that Cff , is fine for each p,q follows using a 
partition of unity of M. Now let p € 14 and let VL be a sufficiently small neighborhood of p. We 
can assume that there exists a positive constant c, an and a biholomorphism (p : W —)• B{0,c) 
where i?(0,c) is the ball in C™ centered in 0 with radius c. Let ip : B{Q,c) —>• R be dehned as 
:= —(\og{(P‘ — \z\‘^)), let g be the Kahler metric on i?(0, c) whose Kahler form is given by 
and let pw '■= i(p\reg{w\(WnVs)})*9- By [IH] Prop. 8.10 and 9.11 we know that gs'\w\iWnVs) is quasi 
isometric to a Kahler metric gw which satishes the Ohsawa condition. Now we introduce the 
following Kahler metric on VL \ {W H 14)- 


(2.5) 


iw '■= Pw + 9W 


Using 7 vi/ and arguing as in the proof of Th. 11.91 we can conclude that , g > 0| is an exact 


m,0 

V,g's 


^m,0 


sequence of sheaves. Finally we are left to show that the kernel of the sheaves morphism C 

is JCm- This can be seen again as in the proof of Th. 11.91 In conclusion , g > 0| is a 

^s,9s ^s,9g 

hne resolution of ICm and thus we can conclude that {M \sing{V), g'g) = HF’^{M). Applying 


L^-Serre duality we finally get sing(U),g^) = and this completes the proof. □ 


Next we consider a Hermitian holomorphic line bundle L on the resolution V. We can restrict L 
to V \ D and push it forward to tt^L on U \ sing(U) through the biholomorphism : V \ D ^ 

V \ sing(U) (where vr : U —)• U is the map appearing in the resolution of V): 

vr*L := (vrlyy^) ) . 
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We shall say that L is semipositive with respect to the base V if for each p £ V there exists a 
neighbourhood Up in V such that L is positive on TT~^{Up). 


Theorem 2.10. Consider the setting of Theorem \2.4\ Let L ^ V be a Hermitian holomorphic 
line bundle which is semipositive with respect to V. Then there exist isomorphisms: 


(2.6) \sing(y),7r,L,55) = 


\ sing(y), tt.L*, 55) = L*) 


Proof. Also in this case the proof is similar to the one given for Theorem 12.41 but with some 
modifications due to the presence of the line bundle L. These modihcations are as follows: first 
of all we can introduce with self-explanatory notation the complex of sheaves jf} on V. As 

showed in [21] we have H^{V,JCy{L)) = H‘>{V,Tr^JCy{L)) where JCy{L) is the sheaf of holomorphic 
sections of the holomorphic line bundle Ky®L. Hence, as in the proof of Th. 12.41 our purpose now 
is to show that 5} is a fine resolution of T:^{K,y{L)). To this aim, using a results proved by 

Ruppental, see mi Theorem 3.2], we know that for Kahler metrics satisfying the Ohsawa condition 
we can extend Th. [T3] to the L^-9-cohomology of forms with bi-degree (u, q) and with coefficients 
in any semipositive Hermitian holomorphic line bundle. Clearly since L is semipositive with respect 
to V it obeys the conditions of Th. 3.2 in m- Therefore, with an analogous strategy to the one 
used in the proof of Theorem 11.91 this vanishing result can in turn be used in order to show that 
1 } is a fine resolution of tt*(/C^ ( 8) T). All this gives us the first isomorphism in (|2.6I) : using 
the L^-version of Serre duality we get the second isomorphism. □ 


For the next result we begin by recalling that a Hermitian holomorphic line bundle L over an 
irreducible compact complex space V is almost positive if the curvature form is semipositive on 
reg(F) and positive on an open subset of reg(H). 


Theorem 2.11. Let tt : V ^ V be as in Th. Let L be an almost positive Hermitian 


holomorphic line bundle over V. Then for q > 0 we have 
(2.7) 


\smg{V),L,gs) = (V \smg{V), L*, gs) = 0 


Proof. Let us define F := tt*L. Then F is an almost positive line bundle over V. Using the 
Bochner-Kodaira-Nakano inequality, see |6] 13.3, and the fact that F is positive on an open subset 
of V, we easily get HL^{V, F) = 0 for 5 > 0. Now the conclusion follows immediately by applying 
Theorem 12.101 □ 


2.3. Negatively curved Kahler manifolds with finite volnme. Let (M, h) be a complete 
Kahler manifold with finite volume and pinched negative sectional curvatures — 6^ < secg < —a^ 
for some constants 0 < a < 6. An important result concerning the geometry of such manifolds is 
the one proved in |23] by Siu and Yau. This result provides the existence of a compactification 
of M in terms of a complex projective variety with only isolated singularities. More precisely if 
(AT, h) is a Kahler manifold as above then there exists a projective variety V C CP" with only 
isolated singularities such that reg(U) and M are biholomorphic. The purpose of this subsection is 
to investigate the L^-d-cohomology of such Kaher manifolds with the help of our Th. 11.91 and the 
Siu-Yau compactification. Concerning this task the main result of this subsection reads as follows: 

Theorem 2.12. Let {M,h) be a complete Kahler manifold of complex dimension m with finite 
volume. Assume that the sectional curvatures of (M, h) satisfies —fi^ < sech < —for some 
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constants 0 < a <b. Let V C CP” be the Siu-Yau compactification of M and let tt : V ^ V be a 
resolution ofV. Then we have the following isomorphism for each q = 0, ...,m 

Proof. Let i/; : M —)• reg(y) be a biholomorphism between M and reg(y). Let us label by v the 
Kahler metric {'ijj~^)*h. Henceforth we will indentify {M,h) and (reg(H),T;). According to |25] 
Lemma 3.2 we know that there exists a compact subset D <Z M and a bounded continuous 1-form 
9 such that on M\D we have dO = w where oj is the Kahler form of h. Hence the second condition 
in the statement of Th. 11.91 is fulhlled. We are left to show that the sheaves > 0} 

are fine where D <Z V \s the divisor with only normal crossings given by II = '7r“^(sing(K)) and 
rj := (7r|^^^)*r;. Let U := {Ui}i^i be an open cover of V. Since V is compact there exists a finite 
open cover of V, W := {VLi, ...,Wr} for some positive integer r, such that W is subordinate to U 
and such that for any i,j G {1,..., r} with i ^ j we have sing(K) nWiCi Wj = 0. Now we can easily 
construct a partition of unity {(fi, subordinated to W such that the following properties 

hold: 

• : K —)• [0,1] is continuous for each i = 1,..., r 

• </'i|reg(F) ^ Leg(K) —)• [0,1] is smooth for each i = 1, ...,r 

• if p G sing(K) H supp(0j) then there exists a neighborhood A of p which is open in V and 
such that = 1. 

It is immediate to check that ||d0i||Loor2i(reg(y),ij) < oo. Hence by Lemma ri.lll we can conclude that 
5 > 0} is a complex of hne sheaves. The theorem is thus established. □ 

We have now some direct applications of Th. 12.121 

Corollary 2.13. In the setting of Th. \2.12[ Then Corollaries \1.1^1.15\ hold, for {M,h). 

Corollary 2.14. Let {M,h) and {N,g) be as in Th. Ig.ill Let V C CP^, W C CP^ be the 
corresponding Siu-Yau compactification. Assume that V and W are birationally equivalent. Then 
for each q = Q, ...,m we have 

h) ^ g) h) ^ g) 

Proof. This follows from Cor. 11.161 □ 
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